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Flowfield in the Plane of Symmetry below a Delta Wing

M. S. Cramer,* A. R. George,! and A. R. SeebassJ
Cornell University, Ithaca, N. Y,

The flowfield in the plane of symmetry of a thin lifting delta wing with supersonic leading edges is examined
for wings with apex angles that are comparable to the Mach angle, as well as for the limiting case of a straight
leading edge. For these two cases, a simplified treatment of the interaction between the plane expansion wave
emanating from the trailing edge and the three-dimensional bow shock is presented. In the region unaffected by
the wing tips, the shock decays inversely with distance from the wing.

I. Introduction
nrTOS paper is concerned with the steady supersonic
JL flowfield of a supersonic leading edge delta wing at large

distances below the wing. The use of the area rule to calculate
the far field of the supersonic flow past a delta wing has been
questioned by Oswatitsch and Sup.1 They correctly point out
that the plane expansion wave emanating from the trailing
edge cannot be accounted for by the area rule or the related
Whitham-Walkden theory, which deals only with cylindrical
waves. Consequently, they contend that the flow past a delta
wing will not resemble that past the equivalent body of
revolution in the far field. In fact, they conclude that, because
of the bow shock-expansion fan interaction, the strength of
the bow shock in the symmetry plane vanishes at a finite
distance from the wing. Our treatment shows that in this
region the shock strength decays inversely with the distance
from the wing. Our calculation considers only the interaction
of the shock wave and expansion fan emanating from the
trailing edge. Hendriks2 has shown how the tip cones even-
tually catch up to the front shock. He does this by numerically
calculating the first-order dependence domains for points im-
mediately following the shock in the shock-expansion fan
region. Although Hendriks uses the flowfield calculated by
Oswatitsch and Sun as the one that the tip cones propagate in-
to, we expect that when the flowfield calculated here is used
the final conclusion will be the same: eventually the tip cones
bring in additional three-dimensional effects and change the
inverse first-power decay found here to the familiar inverse
three-quarter power law.

II. Physical Problem
Figure 1 is a sketch of the top and side views of a thin delta

wing, with the latter depicting flow in the plane of symmetry.
In this view only the waves affecting the bow shock A-a-b
have been sketched. The flat delta wing, indicated by A-B in
the side view, is taken to be at an angle of attack e to the
freestream which has a Mach number M^. The Cartesian
coordinate system (x,y,z) is aligned with the freestream direc-
tion, and the coordinates x,y,z have been nondimensionalized
by the wing length L. We are considering supersonic leading
edges, which require /S^tan^s a> 1, where </> is half the wing
apex angle and ^^(Mi,-!)172. The region A-a-B-A is
a region of conical flow. The expansion fan occupies the
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region bounded by the lines B-a-b and B-a'-b'. We shall refer
to the point a with the subscript a, the shock with the subscript
s, and characteristics with the subscript c.

In Fig. 2 the rear views for the two sections, x< 1 and x> 1,
are sketched. The linear or zeroth-order theory is represented
by dashed lines, and the first-order shocks are indicated by
solid lines. The wing is the line P-U-T-S in Fig. 2a and P-M-N-
S in Fig. 2b. We first discuss the wave patterns on the basis of
linear theory. For x<l the first compressive wave P-Q-R-S
consists of the plane waves P-Q and S-R, which, in the rear
view, make an angle of \l/ = sm~l(l/a) with the wing, and an
arc of the Mach cone which has its apex at the nose of the
wing. For x>\ the end of the wing is signaled first by the
wave system P'-E-F-S', consisting of the expansion fan E-F
and the tip cones, segments of which are indicated byP'-E-M
and S'-F-N. The first compressive wave P'-Q'-R'-S' consists
of the planar waves P'-Q' and S'-R' and an arc of the Mach
cone indicated by U'-Q'-R'T'. For bounded a the radius of
curvature of the Mach cone in the plane of symmetry is
exactly the position y of the Mach cone. In the limiting case
a— oo, the first compressive wave is plane.

To first order the front shock surface is located upstream of
the corresponding linear compressive waves, as indicated by
the solid lines in Fig. 2. Since the flow ahead of the shock is
uniform, the position of the shock depends on the nature of
the flow immediately downstream of it. Thus the value of Rs,
the radius of curvature of the shock surface in the plane of
symmetry, will depend on the strength of the shock surface in
the planar region, corresponding to R'-S' and Q'-P' of the
linear theory, relative to that near the plane of symmetry. In
the region ys <ya the radius of curvature Rs will vary con-
tinuously from approximatelyys in the case 2a(ta)1/2 <^ 1 to in-
finity for the limiting case a—oo. Here ta = \/2p<xya is the
small parameter related to the inverse first power at the
distance at which the first characteristic from the expansion
fan intersects the shock wave.

III. Method of Solution
Oswatitsch and Sun1 have calculated the flow in the plane

of symmetry for y^ya. In the conical region the linear per-
turbations to the flow quantities are calculated by solving the
three-dimensional linear wave equation subject to the
linearized boundary conditions for the delta wing. This gives a
complete description of the flow in the conical region to
lowest order. The front shock and rear expansion fan appear
as Mach lines emanating from the leading and trailing edges,
and never intersect. The jump across the expansion fan is
determined by using the limiting procedure described in Ref.
1. This linear theory is corrected, in the plane of symmetry, to
provide the first-order solution by placing the linear values for
the dependent variable on corrected characteristics. Since the
local slope of a characteristic will depend on the flow proper-
ties at that point (given by the linear theory), the characteristic
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shapes will, in general, be curved, and the rear expansion
wave will spread and intersect the front shock as indicated in
Fig. 1. Because of the conical nature of the flow in the region
A-a-B-A, the shock is straight and therefore of constant
strength. The strength is determined easily, since to first order
the shock bisects the angle between characteristics of the
freestream and the conical region.

The first-order calculation of the flow in the expansion fan
differs from that in the conical region in that there is no linear
boundary-value problem to be solved and corrected. In fact,
the linear approximation can provide the flow properties only
on the first and last wave emanating from the trailing edge. In
order to calculate the flowfield in the fan, the parameter /*(()
</*<!), constant on a characteristic, is introduced. This
labels the characteristics, and the numerical value of /* gives a
measure of the relative position of the characteristic in the ex-
pansion fan. This determines the flow properties along each
characteristic in the expansion fan for.y <j>a. As in the conical
region, this is used to determine the distortion of each charac-
teristic. The calculations of the conical region, front shock,
and expansion fan, which may be found in Ref. 1, .are
reproduced in Sec. IV with slight changes in notation.

At y=ya the last wave of the conical region intersects the
front shock. For y>ya

 tne expansion fan is bounded on the
upstream side by the front shock. Since the shock strength and
position are unknown, the flow in the expansion fan can be
determined only in terms of the unknown shock strength. In
general, any analytical determination of the shock-expansion
wave interaction must involve three-dimensional charac-
teristics and the calculation of portions of the flowfield out-
side the plane of symmetry. For the two special cases
2v(ta)1/2 <^ 1 and d— oo, the position and strength of the front
shock may be calculated without a complete description of the
flow in the expansion fan. This decoupling of the behavior of
the shock and expansion fan in the plane of symmetry allows
the calculation to be done solely in the plane of symmetry. For
these special cases, we make the assumption that for ys >ya
the expression for radius of curvature Rs of the shock in the
plane of symmetry is the same as that for y<ya. Thus, for
2d(ta)1/2 < 1 we assume thatR s~y s for allys>ya, and for the
limiting case of d^oo we assume that Rs^&> for all ys ~>ya.
Under these assumptions, the flow immediately following the
shock will be locally axisymmetric for 2a(ta)1/2 <^ 1 and two-
dimensional for the limiting case d— oo for all ys, instead of
just for ys<ya. The latter limiting case may be recognized as
that of a two-dimensional wing. In this case, the preceding
assumption is known to be true, because of the symmetry of
the problem. In the case 2a(ta)1/2<^ 1, Rs~ys for some small
distance beyond ya and for very large ys. Our assumption
requires that Rs ̂ ys for all ys betweenya and infinity.

IV. Calculation of the Flowfield
The flowfield for y< ya has been calculated by Oswatitsch

and Sun.l These results are presented here with slight changes
in notation. The solution to the linear wave equation
satisfying the boundary conditions of the wing is found for ar-
bitrary d. The flow deflection angle 6, which, in the symmetry
plane, is proportional to the y component of the linear
velocity perturbation, is given by

6=(2e/ir) (1)

where t=£/2pQ0y, and % = x — 13 ̂ y is constant on a linear
characteristic. At any point in the symmetry plane the slopes
of the characteristics are

where a^sm^fl/M), and M is the local Mach number. Ex-
panding this for small 0, we have

where A = M4^y+ l)/4/3^ Integration with constant £ gives
the general form of the characteristic shapes

(2)

In the conical region, 0(£,j>) is given by Eq. (1). Substituting
this in Eq. (2) and integrating the characteristic shapes in the
conical region, we find

(3)

where

-(l+4d2)ttan-J2<J + 2a(t)l/2-2at]

Because of the conical nature of the flow behind-the shock the
shock must be straight, which requires %s/ys = const. Thus the
shock strength s= (yM2

00/&00)6s is constant. The strength of
the shock is determined by requiring that, to first order, the
shock bisect the characteristics upstream and downstream of
it. This is expressed by

Integrating this for arbitrary Os = Bs(xs,ys) =0s(ys), the
general equation of the shock shape is

(4)

For ys <ya> Bs is a constant, so that theys <ya shock shape is

xs = 13^ [1 -A/3xes]ys (5)

Since ts= constant, Eq. (3) and (5) may be equated at any
ys<ya to give a transcendental equation for ts and therefore

The parameter /x(0< /*< 7) , which is constant on a charac-
teristic, is introduced to calculate the flow in the expansion
fan. It gives the relative amount of expansion that the flow ex-
periences up to that characteristic labeled by /*. Thus the flow
deflection angle in the.y <ya expansion fan is

0(n,y)=6(0,y) + (6)

where A0] 1 is the total jump in 0 across the expansion fan
given by

A0] ± = - ateos-'U/q)

Setting £ = 1 in Eq. (1) and substituting this in Eq. (6), we find
that for y <ya the expansion fan flow is

tair (7)

The shapes of the characteristics are obtained by integrating
Eq. (2) with £ = 1 and B(£,y) replaced by 0(^ty)

These results are essentially those of Ref. 1.
We next derive the shock-expansion fan interaction for the

cases 2a(ta)l/2<l and a—oo. If we differentiate B = 6(iJL,y)
along the shock (y =ys), we have

**
dyc/dxc= (1 + 2A/3006)

3d (8)
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Fig. 1 Top view and section through the plane of symmetry.

Expansion Fan

b) x > I
Fig. 2 Rear views.

The first term gives the rate at which the characteristics catch
up to the shock. At the shock xc -xs> so that Eqs. (2) and (4)
require

Differentiating this expression along the shock with respect to
ys and noting that 6 [ ̂ s (ys ) ,ys ] = Bs, we have

do es(ys)

For (d6/dfji)y = A8] + ^constant,

dys

Fig. 3 Shock element.

To determine the second term in Eq. (8), we consider a
small section of the shock and the characteristics immediately
behind it, as sketched in Fig. 3. The characteristics intersect
the shock (1-3) at the points 1 and 3. The line (1-2) is a charac-
teristic of the other family, and the points 0 indicate the
uniform freestream conditions. Applying the compatibility
conditions along the other family of characteristics, we have

A6]3
0 =

(10)

01)

to lowest order, where dv= (M2 — 1) V2(dq/q), and q is the
magnitude of the velocity vector. Here we have neglected
changes in y across the expansion fan compared to changes
along it. Equations (10) and (11) hold in the plane of sym-
metry for all a. For 2d ( t a ) V2 < 1, the flow immediately behind
the shock is approximately axisymmetric, and the proper
compatibility condition along (2-3) is the axisymmetric one:

Av]3
2-Ad]3

2=(d2/y2)Ay]3 (12)

Eliminating v from (10-12) and solving for A0] 3
2, we have

Ae]3
2=-(d3/2y3)Ay]3

Taking the limit as Ay ] 3
2—0, we obtain the second term in Eq.

(8)or2a(/ f l)*«l:

(13)

In the case a-+ oo, the flow immediately behind the shock is
two-dimensional, so that the proper compatibility relation
along (2-3) is

Ap]3
2-Ad]3

2 = 0 (14)

Again we solve Eqs. (10) and (11) but with Eq. (14) in place of
Eq. (12) for A0] J, and take the limit Ay]3

2—0 to obtain the
second term of Eq. (8) for a-* oo

( d e / d y ) = 0 (15)

2ys
(9)

The flow deflection angle 6S for 2v(ta) l/2<\ is obtained by
substituting Eqs. (9) and (13) in Eq. (8) and integrating with
the initial condition of 6(ya) = 6.a\ the result is

Qs=Qayaiys (16)
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Substituting Eqs. (9) and (15) into Eq. (8) and integrating, we
have the expression for Os when a— oo:

Qs=Qa(yJysYA (17)
The shock shape is calculated by substituting Eqs. (16) and
(17) in Eq. (4) and integrating, noting that B5(r]) =Ba = const
for O<T?<JV For 2o(ta)l/2 < 1, the shock shape fory>ya is

¥ory~>ya, the shock shape a-* oo is

The change in 6, as we move away from the shock on a
characteristic of the other family, is

Neglecting changes in y across the fan, compared to changes
along it, and integrating, we have

which provides us with the expansion fan flow for y~ya once
Ms 00 is determined. For 2a(ta) y*<\, we substitute Eq. (16)
in Eq. (9) and integrate the result to find

where the initial condition ns(ya) = 0 has been used. For a—
oo, we substitute Eq. (17) in Eq. (9) and integrate, with the
preceding initial condition, to find

A0]:tj4, 00 =0,00-0,

Thus the flow deflection angle in the>>> ya expansion fan is

for 2a(ta)V2< land

for a—- oo.

The characteristic shapes are calculated by substituting the ex-
pression for B(fji,y) into (2) and integrating, noting that (7)
must be used for 0< 77<ya.

and for a-*oo,

V. Conclusion
We have calculated the shock-expansion fan interaction for

two cases: 2o(ta)l/2<\ and a-*oo. In the limit a-*oo, the
shock-expansion fan interaction is that of a two-dimensional
wing. For 2a(ta) V2<1, the shock strength decays inversely
with the distance from the wing, with the proviso that the
shock curvature may be approximated by ysf for all ys. This
means that the expansion fan is continually weakened by its
interaction with the shock. In the calculation of Oswatitsch
and Sun, the expansion fan is assumed unaffected by the in-
teraction with the shock. Thus, in their calculation the ex-
pansion fan remains strong enough to cancel the shock at a
finite distance from the wing; this we believe to be incorrect.
Within the assumptions made here, it has not been possible to
address the question of the transition from an inverse first-
power decay to the usual inverse three-quarters power decay,
which is associated with the interaction of the wing tip cones
with the symmetry plane flow . 2
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